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Abstract
The modeling of milling forces is a crucial issue to understand milling processes. In the literature, many force models and
experiments to identify force coefficients are found. The objective of this article is to develop a new approach, based on
the traditional average force method, able to measure and compute the cutting coefficients for end mills used in plunging
operations. This model has been used to evaluate the effect of the radial engagement on the cutting coefficients them-
selves, proposing a new strategy to update these values for different cutting parameters. This dependency of the cutting
coefficient is particularly important for the determination of the stability lobe diagrams, used to predict the chatter con-
ditions. In this article, the method to assess the cutting coefficients, the results of the experimental tests, and the effect
of condition-dependent cutting coefficients on process stability are presented.
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Introduction
The milling processes are continuously increasing their
market penetration due to arising request of product
with high surface finish and dimensional accuracy, such
as the die or mold for the housewares and automotive
sectors and for the products for the medial and aero-
space industries. The widespread application for this
technology is sometimes constrained by challenging
cases that could suffer from excessive cutter deflection
of chatter, which could appear when the cutting para-
meters are stressed to increase the process productivity.
Among the arising machining processes, particular
interest is played by plunge milling because it allows to
work deep pocket or other difficult-to-access features
maintaining a good productivity and accuracy also
with slender tools. The advantage of the plunging oper-
ation is that the cutting forces are more oriented along
the axis of the tool, where the tool proves its highest
stiffness.
The first step to model a machining process is the
definition of a cutting force model. An analysis of the
literature shows that there exist mainly three cutting
force models: lumped mechanism model, dual mechan-
ism model, and ternary mechanism model. In the
lumped mechanism model, the effect of both the shear-
ing and friction at the cutting edge are described with a
single coefficient. This is a simple model that produces
reasonably good results with the advantage of its fast
implementation in an industrial context. This approach
has been developed for flat-end mill and ball-end mill
by many researchers; among these, it could be reported
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by Kline et al.,1 Altintas and Spence,2 Lazoglu,3 who
extended this concept to the prediction of cutting forces
to ball-end mill. Later, more complex models have been
developed, taking into account different coefficients for
both the shearing and friction contributions at the cut-
ting edge, these are usually called dual mechanics
approaches. In particular, Budak et al.4 developed a
general approach that could feed the model with data
extracted from orthogonal cutting tests. Then, Altintas
and Lee,5,6 Yucesan and Altintas,7 and Engin and
Altintas8 presented general models that could be used
for the reliable prediction of cutting forces for a general
end mill, often used to obtain stability lobe diagram
(SLD) with zero-order approximation. The last is still
the basis for more recent models that include other fea-
tures such as the introduction of the effect of the run-
out.9 A detailed comparison of the most actual
approaches to model the cutting force has been carried
out by Wan and Zhang,10 which include also different
solutions to carry out one of the most crucial steps in
force modeling, the calibration of the model. Some
authors, such as Imani et al.,11 also studied the influ-
ence of different process parameters such as the axial
depth on the cutting coefficients. At the end, the tern-
ary mechanism model12 identifies and models the con-
tributions of flank shearing, flank rubbing, and bottom
cutting effects; the coefficients could be calculated con-
sidering together chip load, chip width, and bottom
contact width.
It must be reported that although the analytical
methods are still the most used approaches to deter-
mine the cutting forces, due to the ever-increasing com-
puting capabilities of modern workstations and the
availability on the market of commercial software able
to simulate the cutting process using finite element
(FE) approach, some researchers13–15 used simulation
to predict the cutting force. Another interesting and
arising approach, able to provide a faster result than
FE modeling, is provided by the use of slip line field.16
This approach is based on the strain, strain rate, and
temperature-dependent flow stress of the material and
friction coefficient.
It is important to note that the cutting force models
are dependent on the tool geometry and the machining
process approach, so the choice or definition of optimal
cutting model could not be a trivial task. To solve this
issue, approaches that are oriented to have a unified
model for cutting17 based on a complete description of
tool geometry or to create specific cutting models for
each operation are arising. Some examples of this trend
are the development of a model specific for the thread-
ing operation18 and the development of a mathematical
method to geometrically define a general tool as a flat
tool with geometry variables or cutting inserts19 or
alternatively a multi-purpose tool.20
As stated before, plunge milling is an arising opera-
tion because it shows a relatively higher stiffness of the
tool in the axial direction, and a larger component of
the cutting forces is oriented along the tool axis. As a
result, a tool used in plunge milling operation is more
stable than the same used in flank milling operation,
using the same engagement and cutting parameter val-
ues; for this reason, plunge milling has become an inter-
esting strategy because it can often allow higher
removal rate than other cutting strategies. Most of the
cutting models are specific for the flanking and slotting
operations: only few authors investigated the mechanics
of plunge milling.21 Plunge milling is similar to boring
(with interrupted cuts),22 so a different method to mea-
sure the cutting force coefficients must be developed.
This article proposes a new simple method to obtain
experimentally the cutting coefficients for traditional
end mills; the idea is to obtain cutting coefficients in a
faster way that could be used reliably to feed a plunging
chatter model in order to improve the industrial usabil-
ity of such approach. The chatter model that will be
used is the one proposed by Altintas and Ko21 for
plunging.
The proposed method is based on the average force
method that is normally used for slotting and flank
milling; starting from this background, new relations
have been developed to determine the average chip
thickness and average coefficients in end mills plunging
tasks. Those relationships are used to predict the cut-
ting forces, thanks to a model for the interaction
between the material and the main rake angle (in
plunge, it is the frontal one, not the peripheral one).
Since the developed approach proposes a simple strat-
egy to obtain the coefficients, it is possible to replicate
the tests in order to evaluate the effect of the cutting
parameters, such as the radial engagement, on their val-
ues. Some example of the experimental tests will be
provided in this article.
Average force method
Average force model description
The model developed is based on average cutting force
model developed by Altintas and Ko,21 where the cut-
ting forces are proportional to feed per tooth and to
chip thickness. The average cutting force model is one
of the most adopted models, thanks to its simplicity
and the good accuracy of prediction. However, it must
be reported that there are also more complex models
that consider nonlinear relationship between force and
feed per tooth,23 obtaining more precise results. The
choice of the average cutting force model has been
motivated by the larger diffusion; however, the devel-
oped geometrical relations could be used also for more
2 Advances in Mechanical Engineering
 at Dip Di Psicologia-Pa on September 29, 2015ade.sagepub.comDownloaded from 
complex models. The average cutting force model uses
the following description for the cutting forces
F= kcftoothh+ keh ð1Þ
where kc is the coefficient related to tool cutting actions,
ke is the coefficient related to tool friction effect, ftooth is
the feed per tooth, and h is the instantaneous cross sec-
tion of the chip. Equation (1) is valid for the three com-
ponents of the forces: tangential (the main one), radial,
and axial. To characterize all the components of the
cutting forces, six coefficients are needed. These coeffi-
cients are affected by lubricant and wear conditions:
increase in the tool wear causes a change in the cutting
radius and mean angle of the tool,24,25 while the pres-
ence of lubricant alters the friction of the tool on the
chip and machined surface. For this reason, they are
measured in the most repeatable conditions: dry mill
with brand new tooltip. It has been proven by Grossi et
al.26,27 that these coefficients can change with cutting
speed in case of slotting. As a result, they provide a reli-
able estimation of the cutting forces only in a narrow
range of speed around the one used to acquire them; it
is necessary, if your tool is used at very different spindle
speeds, to perform more tests and calculate the effect of
cutting speed on these coefficients. In general, the effect
of other cutting parameters on the cutting coefficients is
not considered; however, the tests carried out in this
research highlighted that this could not be assumed true
for plunging operations.
Plunge average force model
The developed model starts taking into account the
geometric position of a tool engaging a workpiece and
from the cutting force model. Figure 1(a) and (b)
describes a generic configuration of the tool and work-
piece with respect to a Cartesian reference system
placed with Z-axis coincident with tool axis. The red
segment h indicates the instantaneous chip thickness of
the jth cutter in a generic position that is identified by
the angle uj with respect to Y-axis. In plunge opera-
tion, the main cutters are the frontal ones not the per-
ipheral ones as in slotting or flanking: so they are
substantially a straight cutter that operates with a dif-
ferent radial engagement for each angular positioning.
The angles ust and uex are referred to the beginning
of the cut and the end of the cut for each tooth in each
revolution. It is possible to indicate the angle a as
follows
a=
uex  ust
2
ð2Þ
Consequently, it is possible to indicate the length of
segment h (the instantaneous chip cross section) as a
summation of the Mth elements of Da that are
engaging the material. h can be expressed also analyti-
cally, as shown in equation (3) using equation (2)
h=
XM
k
Da=R  R cos a
cos uj  a ust
  ð3Þ
where R is the radius of the tool. h reaches its maximal
value when uj is equal to a, that is, the mean engage
angle; h is defined as zero outside the interval ust and
uex. It is also possible to introduce a rotational matrix
to switch from tangential, radial, and axial reference
systems to the tool Cartesian one. Axial axis is coinci-
dent to Z-axis for definition
Fx
Fy
 
=
cos uj
  sin uj 
sin uj
  cos uj 
 
Ft
Fr
 
ð4Þ
With equation (4), it is possible to write in discrete
form in the Cartesian reference system the forces at the
tooltip
Fx=
XN
j= 1
XM
k= 1
Da  Ktc ft +Kte½  cos uj  Kac ft +Kae½  sin uj
 	 ð5Þ
Figure 1. (a) Generic relative tool–workpiece position cutting
a vertical wall. The center of the reference system is coincident
with the tool axis, while axis direction is coincident to an
external fixed coordinate system, for example, machine
system. (b) Top view of a tool–workpiece position cutting a
vertical wall.
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Fy=
XN
j= 1
XM
k= 1
Da Ktc ft +Kte½  sin uj  Kac ft +Kae½  cos uj
 	 ð6Þ
Fz=
XN
j= 1
XM
k= 1
Da Kfc ft +Kfe

  	 ð7Þ
Applying the definition of average forces
Faverage=
1
upitch
ð2p
0
F uð Þdu ð8Þ
And by substituting the analytical form of equation
(3) in equations (5)–(7), knowing that this integral is
nonzero only between the angles ust and uex, and that
the flutes are evenly spaced by the pitch angle, we can
write the final formula of the method
Fxave=  RN
2p
e1 Ktc ft +Kte½  
RN
2p
e2 Kac ft +Kae½  ð9Þ
Fyave=
RN
2p
e2 Ktc ft +Kte½  
RN
2p
e1 Kac ft +Kae½  ð10Þ
Fzave=
RN
2p
e3 Kfc ft +Kfe

  ð11Þ
where N is the number of the flutes and e variables are
expressed by the following formulas
e1=
ðuex
ust
cos u cos a cos u
cos u a ustð Þ
du ð12Þ
e2=
ðuex
ust
sin u cos a sin u
cos u a ustð Þ
du ð13Þ
e3=
ðuex
ust
1 cos a
cos u a ustð Þ
du ð14Þ
Computation of the force coefficient
To compute the force coefficients, a series of plunge
tests must be executed with different cutting para-
meters: these must be chosen in order to achieve a sta-
ble cutting. For each test, the three components of the
forces must be measured, normally with a dynamo-
metric table. The tests must be carried out with different
values of the feed per tooth. According to the model,
the forces are proportional to feed per tooth, so if a lin-
ear increment of feed per tooth is chosen, the forces
(and their average values) must also follow this trend.
For these measures, there is no need of compensating
the dynamics of the dynamometric table28 because it
does not affect the average values of the measured
forces.
As shown in Figure 2, the average values of the
forces are plotted using the feed per tooth as variable.
A regressive model could then be used to compute the
six cutting force coefficients, using equations (9)–(11).
Experimental setup
In order to verify the effectiveness of the proposed
model, a set of experimental tests has been carried out.
The test piece consists of a rectangular piece of alumi-
num clamped with a couple of screws to a dynamo-
metric table (Figure 3). Additionally, a microphone
was used to verify the stability of the process.29–31
The chosen tool was a Mitsubishi Carbide Mill I
MX1n 2S3A 12010 ET2020 12 that has 12mm of dia-
meter and three flutes, the shank was a Mitsubishi EF i
MX12—U12N017L080C, the tool holder was a Big
Mega New Baby Chuck MGN13 Daishowa Seiki Co.
Ltd, and the milling machine was a Mori Seiki NMV
1500. It has been chosen to use a spindle speed of
8000 r/min and to maintain it constant in every test to
avoid the problem of coefficient changes with cutting
speed.32 It has also been chosen to perform the coeffi-
cient measurements for four different radial depths of
cut: 0.5, 1, 2, and 3mm. For each radial depth of cut, a
set of five different feeds per tooth have been tested:
from 0.03 to 0.07mm/tooth spaced by 0.01mm/tooth.
Results and discussions
The results in terms of average forces and force coeffi-
cients are presented in Table 1. Every test was checked
to ensure the stability of all of them, with no chatter evi-
dence not on the surface not in signal analysis. The first
result is that the average force method provides a good
approximation of the mean cutting force, as proven by
the very good accuracy of the linear regression model
used to interpolate the experimental data. In this case,
Figure 2. Example of measurement and data interpolation to
obtain force coefficient.
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the behavior of the cutting force could be considered
linear, with respect to the chip area.
The tests carried out highlighted also another trend
in the cutting force data: the cutting force coefficients
change for different radial engagements. This trend is
reported in Figure 4(a) and (b), where the nonlinear
behavior of the coefficients is evident.
It is possible to note that for reduced radial engage-
ment, the cutting coefficient becomes higher when the
dimension of radial depth of cut is small; this is proba-
bly due to the influence of the corner radius of the cut-
ter.33 It is possible to confirm that forces are
proportional to feed per tooth, but the value of the
constant changes with the cutting parameter. In this
case, the cutting coefficients show a minimum value for
radial depth of cut within the range of 1–2mm. Edge
coefficients are usually relevant on the computation of
the cutting forces only in case of low feed per tooth;
when using greater feed per tooth, their contribution to
the total cutting force is reduced. However, these coef-
ficients do not have a trend as relevant as the cutting
coefficients. The values of force coefficient have been
used in a kinematic simulation of the cut to test their
capacity of describing and foresee the cutting force.
Here is reported as an example one of the results
obtained for spindle speed of 8000 r/min, feed of
960mm/min, and radial immersion of 3mm (Figure 5).
Figure 3. (a) Example of setup with a steel workpiece on
dynamometer and (b) detailed view of plunge tests on
aluminium block.
Table 1. Force coefficient values.
AE (mm) Ktc (N/mm
2) Kte (N/mm) Kac (N/mm
2) Kae (N/mm) Kfc (N/mm
2) Kfe (N/mm)
0.5 1249.04 19.49199 496.0457 6.663548 298.9652 18.96992
1 843.1247 25.52482 230.6405 5.775643 9.895345 29.11762
2 750.193 20.60815 222.4607 0.148353 112.8966 21.32309
3 847.9039 18.23892 404.52 11.11235 303.0117 19.52395
Figure 4. (a) Trend of cutting coefficients and (b) trend of edge
coefficients.
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This comparison have been carried out just using a
kinematic model, that it is not able to consider the
dynamics of the system, responsible for the high fre-
quency variation of the measured forces. However, the
general trend of the cutting forces is correctly repre-
sented by the proposed model.
Effect of variable cutting coefficients on
SLD
The importance to have a reliable cutting force coeffi-
cient lays in the possibility to predict correctly the cut-
ting forces, possibility that could be used to design the
Figure 5. (a) Comparison between kinematic X forces (blue) and measured X forces (red), (b) comparison between kinematic Y
forces (blue) and measured Y forces (red), and (c) comparison between kinematic Z forces (blue) and measured Z forces (red).
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fixture and the tooling, and to have a reliable estima-
tion of the stability of the process. Using an analytical
solution to forecast the arising of chatter,21 it is possible
to create a SLD to represent graphically the stable and
unstable zones. Using the radial engagement–dependent
cutting force coefficients, it is possible to evaluate how
this parameter affects the stability of the process. In
order to solve this system, it is necessary to use an itera-
tive approach: for each cutting speed, a first guess of
threshold radial depth of cut is provided and then the
value of the cutting force coefficients is updated till the
convergence of the result. In Figure 6, the SLD of a
plunging operation is reported, as obtained with model
in Altintas and Ko21 with three different radial engage-
ments in which it is possible to see the difference in tak-
ing constant cutting coefficients referred to a standard
group of coefficient measured at 2mm of radial depth
of cut (blue line in Figure 6).
Observing Figure 6, it’s easy to understand how to
predict stability limits obtained with the standard
approach (without taking into account the variation of
cutting coefficients with radial engagement) leads to
errors that can be relevant.
To assess the better accuracy provided by the model-
proposed coefficients, some experimental tests of
chatter detection have been carried. The stability of the
operation has been verified, thanks to the use of differ-
ent sensors: dynamometer, accelerometers, and a micro-
phone.29–31 The results are reported in Figure 7.
From the data in Figure 7, it is possible to evaluate
how the use of the model-proposed coefficients
improves the predictive capability of the SLD because
it takes into account how the forces are affecting the
model at different radial engagements.
Conclusion
In this article, a novel method to compute cutting coef-
ficients has been shown. The average force model and
method was applied to plunge milling operations. The
obtained coefficients have been used in a kinematic
model to have a comparison between predicted and
measured forces: this analysis has demonstrated that
this method can really be used for force prediction, and
the data show a good accord with the measured ones
even if the kinematic model does not consider the
dynamics of the system. The influence of the radial
depth of cut in the determination of the value of the
cutting coefficients has also been shown. This trend of
the force coefficients shows the possibility to choose a
Figure 6. Continuous lines: SLD with measured coefficients; dashed lines: SLD computed with 2mm coefficients taken as a
constant standard.
Figure 7. Comparison between SLD with constant coefficient and variable coefficients.
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set of parameters to minimize tooltip forces. The varia-
tion of cutting coefficient must also be taken into
account for the development and for the correct use of
analytical plunge chatter models to obtain an accurate
SLD.
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Appendix 1
Notation
F forces (N)
ftooth feed per tooth (mm/tooth)
h chip thickness (mm)
kc and ke cutting and edge force coefficients,
respectively (N/mm2) and (N/mm)
M number of Da elements
R tool radius (mm)
t, a, f pedices tangential, radial, axial system
x, y, z pedices Cartesian system
a average engaging angle (rad)
Da finite element of chip thickness (mm)
uex disengaging angle (rad)
uj jth flute instantaneous angle (rad)
upitch pitch angle (rad)
ust engaging angle (rad)
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